We calculate the anharmonic scattering rates of low-frequency longitudinal ͑L͒ acoustic phonons with thermally excited phonons via the Herring process LϩST→FT ͑with ST and FT the slow-transverse and fast-transverse phonons, respectively͒ in a tetragonal TeO 2 crystal. For temperatures well below the Debye temperature, we find a scattering rate ⌫ϭA 2 T 3 as predicted by Herring. An analytical expression is derived for the variation of the coefficient with propagation direction. A typical value of A is of the order of 10 Ϫ22 s K Ϫ3 . For propagation along the fourfold axis, i.e., the ͓001͔ direction, however, Aϭ0, indicating that in this direction L phonons are stable against the Herring processes. This is in contradiction to the recent experimental result reported by Damen et al. ͓Phys. Rev. B 59, 349 ͑1999͔͒. We show that the vanishing of the scattering rate in the ͓001͔ direction can be understood in terms of the physics of the Herring process.
I. INTRODUCTION
The study of the propagation and scattering of acoustic phonons in crystalline solids is of both fundamental and practical interest. In an important paper, Herring investigated the collision rate of low-frequency longitudinal ͑L͒ phonons satisfying Ӷk B T/ប ͑with T the temperature͒, and argued that these phonons play a special role in determining the heat conduction in crystals. 1 He showed that the interaction rate for these L phonons is dominated by collisions of the type LϩST→FT, where ST and FT denote the slow-transverse and fast-transverse thermal phonons, respectively. 2 These processes occur for ST and FT phonons with wave vectors close to the degeneracy points of the constant-frequency surfaces ͑or slowness surfaces͒ in the Brillouin zone. Herring's analysis is limited to cubic anharmonicity and to frequencies of L phonons much less than the frequency of the thermally excited ST or FT phonons. Detailed studies of the scattering of L phonons in anisotropic solids are quite limited both experimentally and theoretically, though the expression for the scattering rate in cubic crystals has been given by Simons. 3 Recently, with a new technique for the generation of monochromatic Fresnel-diffracted phonon beams in the GHz range, 4 Damen et al. measured the attenuation rate of L phonons propagating along the ͓001͔ axis as a function of frequency and temperature in a single crystal of TeO 2 with tetragonal symmetry. 5 The measured attenuation rate ⌫ var- symmetry. The coefficient Ã was determined to have the value Ã ϭ(4.0Ϯ0.5)ϫ10 Ϫ18 s aϪ1 K Ϫb . The purpose of the present work is to derive an analytical expression for the scattering rate of the L phonons due to the Herring processes LϩST→FT, and to see whether or not the above experimental results, including the magnitude of the coefficient Ã , are reproduced.
II. FORMULATION
For temperatures much less than the Debye temperature, phonon interactions can be considered using non-linear elasticity theory. To third order in the elastic strain i j , the elastic energy W stored in a strained crystal of initial volume V is
u(r,t) is the displacement at position rϭ(x,y,z) ϭ(x 1 ,x 2 ,x 3 ) at time t, and the summation convention over repeated indices is implied. For a TeO 2 crystal ͑belonging to the tetragonal crystal of class D 4 , or the point group 422͒ the fourth-and sixth-order elastic stiffness tensors c i jkl and c i jklmn have six and 12 independent components, respectively.
In the harmonic approximation, the equations governing elastic wave propagation in crystalline solids are
where is the mass density of the medium. By putting
with a an amplitude, e a unit polarization vector, q ϭ(q x ,q y ,q z )ϭ(q 1 ,q 2 ,q 3 ) a wave vector and the angular frequency, Eq. ͑3͒ is converted to an eigenvalue equation
͑5͒
The explicit expression for the matrix (M ik ) for TeO 2 is 6 wave vector q, the phase velocities v J ϭ J /q ͑with q ϭ͉q͉) of three bulk modes, i.e., slow transverse ͑ST, J ϭ1), fast transverse ͑FT, Jϭ2), and longitudinal ͑L, J ϭ3).
The Herring processes occur for thermally excited ST and FT phonons with wave vectors close to the directions in which the velocities of these modes are equal. At these points of degeneracy, the two slowness surfaces either touch or intersect. According to Herring's analysis, the degenerate points at which two slowness surfaces touch each other ͑rather than intersect͒ play the dominant role in determining the scattering rate of L phonons. Thus, in studying the Herring processes in a tetragonal crystal TeO 2 , it is important to note that two transverse sheets touch only along the ͓001͔ and ͓001 ] directions. 6 The slowness surfaces of TeO 2 are shown in Fig. 1 The expression for the scattering rate ⌫ , or the reciprocal of the relaxation time of a phonon specified by ϭ(q,J) via three-phonon processes, is given by
where V is the system volume and n ϭn( ) ϭ͓exp(ប /k B T)Ϫ1͔ Ϫ1 is the occupation number of phonons at temperature T. The explicit expression for the three-phonon matrix element ⌽ Ј Љ is lengthy and is given in the Appendix. Equation ͑11͒ is applied to the scattering of L phonons via Herring processes with JϭL, JЈϭST, and JЉϭFT. Thus, we write ϭ q,L ϭ, Ј ϭ q Ј ,ST ϭЈ and Љ ϭ q Љ ,FT ϭЉ. The wave vectors of the initial L phonon and the ST phonon are expressed in polar coordinates as qϭ(q,,), and qЈϭ(qЈ,Ј,Ј). We then set
where ⌽ LϩST→FT (Ј,Ј) is a function that does not depend on the magnitude of the wave vectors. We then have
where nЈϭn Ј and nЉϭn Љ . We further write 
with ␥ϭv L /v T . Now, we see that g(Ј)ϭ0 has two solutions Јϭ n , (nϭ1,2), with
͑18͒
and ␤Ϫ␣ϭ
Thus, we note that, for a smooth function f of Ј,
Again using the condition Ӷk B T/ប, we can approximate
and the scattering rate becomes
͑22͒
The integral over Ј can be extended from 0 to infinity and then
where (n) is Riemann's zeta function.
We are left to calculate the integral in Eq. ͑22͒ with respect to Ј. In the calculation of the Herring processes, we have qЈӍqЉʈ ͓001͔. The associated polarization vectors eЈ and eЉ of the ST and FT phonons lie in the ͑001͒ plane. Thus, we can make the approximation that eЈ•eЉϭqЈ•eЈϭqЈ•eЉ ϭqЉ•eЉϭqЉ•eЈϭ0. Next we write the wave vector q of the L phonon as qϭq͑l,m,n ͒, ͑24͒
where (l,m,n) are the direction cosines of q. The polarization vector e of the initial L phonon is, in general, not collinear with q except for high symmetry directions due to the presence of the anisotropy. However, q•e/q is close to unity (q•e/qу0.9713 for TeO 2 ) at least when q is oriented in the ͑100͒ and ͑110͒͒ planes. Consequently, as an approximation, we take e to be parallel to q and write eϭ͑l,m,n ͒. ͑25͒
This approximation becomes exact in the ͓100͔, ͓001͔, ͓110͔ and equivalent directions. 9 Also we put the polarization vectors of the ST and FT phonons as eЈϭe ST Executing the integral over Јin Eq. ͑22͒, we finally obtain 
where
and E(h) and K(h) are the integrals defined by It is interesting to compare formula ͑29͒ with the corresponding expression for cubic crystals derived by Simons 3, 7 which can be written in the form These added contributions come from scatterings with transverse phonons propagating close to the directions along the fourfold ͓100͔, ͓010͔, ͓1 00͔, and ͓01 0͔ axes in cubic crystals. However, for tetragonal crystals the fourfold symmetry is absent except about the ͓001͔ ͑and ͓001 ͔͒ axis and the degeneracy of the transverse phonons along those four direstions is lost. This is the reason that the transverse phonons propagating close to the ͓100͔, ͓010͔, ͓1 00͔, and ͓01 0͔ directions do not contribute to the scattering of L phonons in tetragonal crystals. This point will be discussed again in Sec. IV.
Now the most important result we can find from Eq. ͑29͒ is the fact that the rate of scattering by the Herring process in tetragonal TeO 2 vanishes for longitudinal phonons propagating in the ͓001͔ and ͓001 ͔ directions. To be more precise, we see that the coefficient of the component of the scattering rate that varies as 2 T 3 is zero. 14 Thus in the experiment by Damen et al. 5 the attenuation must arise from some effect other than Herring processes.
Incidentally, at temperatures higher than the Debye temperature, for which most phonon modes are thermally excited, the difference of phonon occupation numbers ͓Eq. ͑21͔͒ is replaced with
and the expression for the attenuation rate becomes 1 Of course, Eq. ͑36͒ is only an approximate result because it based on the use of elasticity theory.
III. NUMERICAL RESULTS
For the evaluation of the attenuation rate we used the second-and third-order elastic constants of TeO 2 
. ͑37͒
In this expression, the coefficients B and C depend on and only through the variation of v L . The scattering is strongest for propagation at ϭ/2, and there is a variation with azimuthal angle since B is not equal to C. From the elastic constants of TeO 2 , we find h 2 ϭϪ3.11 and the values of the integrals of Eqs. ͑31͒ and ͑32͒ are E(h)ϭ2.446 and K(h) ϭ1.070. The values of A for selected directions are given in Table I and in Fig. 2 .
These magnitudes of A can be compared with the corresponding coefficient for cubic crystals given by
where B and C are the coefficients corresponding to B and C. Values of A for silicon, 11 GaAs, 12 and Ne ͑Ref. 13͒ are included in Table I . As might be expected based on the relative magnitudes of the sound velocities in these materials, the scattering is largest in neon and least in silicon.
When the temperature is increased so that it is no longer much less than ⌰ D , it is necessary to evaluate Eq. ͑13͒ numerically. We have taken the Debye temperature as 200 K, 5 and set the upper limit of the integral over qЈ as q max ϭk B ⌰ D /បv T . The results for a frequency of a 5 GHz phonon propagating in the ͓110͔ direction are shown in Fig. 3 . It can be seen that there is a crossover from 2 T 3 to 2 T behavior at around 50 K.
IV. DISCUSSIONS
The Herring process is usually considered as a scattering process in which a low energy L phonon scatters from an ST thermal phonon to produce an FT phonon. But since the Herring process concerns the scattering of a low energy phonon, it should be possible to treat this phonon macroscopically, i.e., as a longitudinal sound wave. The scattering rate is then equivalent to the rate at which this sound wave is damped by interactions with thermal phonons.
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To discuss this qualitatively, consider what happens when through the presence of a sound wave, a small, timedependent, elastic strain i j is applied to a crystal containing a distribution of thermal phonons. Because of anharmonicity, the application of the strain results in a small change in the effective elastic constants. This, in turn causes a change in the phonon frequencies and in the polarization vectors. If the strain varies very slowly with time, the phonons will adjust adiabatically, i.e., their frequencies and polarization vectors will be modified but if the strain is removed, the phonon distribution will return to its initial condition. However, if the strain changes rapidly, the phonons will not adjust adiabatically, irreversible effects will take place, and the phonon system will absorb energy. We can expect that these effects will be largest for those phonons whose frequency Ј or polarization vector eЈ change rapidly when a strain is applied. Based on this qualitative picture we can understand the vanishing of the scattering rate for longitudinal phonons propagating in the ͓001͔ and ͓001 ͔ directions.
For most of the thermal phonons, the fractional change in Ј or eЈ is of the same order of magnitude as i j . However, for thermal phonons with wave vectors lying close to a direction in which there is a degeneracy, there can be a much larger change in eЈ. As a specific example, consider an ST thermal phonon in TeO 2 with wave vector (⑀q,0,q), where ⑀ is very small. This phonon has eЈ parallel to ͓100͔. 6 Now suppose that the propagation direction of the longitudinal sound is along ͓100͔ so that there is an oscillating strain component 11 . Such a strain lowers the symmetry of the TeO 2 crystal from tetragonal to orthorhombic and so c 44 is no longer equal to c 55 . Thus the strain removes the degeneracy of the transverse phonons propagating in the ͓001͔ direction. During the part of the cycle of the sound wave in which the strain is such that c 55 Ͼc 44 , the polarization of the ST phonon remains parallel to ͓100͔, but when the sign of the strain is such that c 55 Ͻc 44 , the polarization changes to become parallel to ͓010͔. The strain needed to accomplish this large change in eЈ is of the same order of magnitude as ⑀. Thus if ⑀ is small, the change in eЈ is very much larger than the magnitude of the strain of the sound wave, i.e., there is an anomalously large variation of eЈ with strain. Our idea is that the Herring processes arise from this effect.
If this is correct, there will be Herring processes provided that the strain of the L phonon ͑or the strain of the equivalent sound wave͒ lifts the degeneracy of some transverse We want to emphasize that the above ideas are only suggestive. It would be very interesting to see if it is possible to derive the expression for the rate of Herring processes using an elaboration of this approach.
Accepting this result, one can ask what is the origin of the attenuation seen by Damen et al. 5 One possibility is that it is a relaxation process. When a low frequency phonon interacts with thermal phonons that have a lifetime such that Ͻ1, the damping of the phonon varies as 2 which is the frequency-dependence observed by Damen et al. Under these conditions, the picture of the low energy phonon making momentum and energy-conserving collisions with individual thermal phonons no longer applies. 7 However, for this to be the explanation of the observed results, it would be necessary for the thermal phonons to have lifetimes less than (2ϫ5GHz) Ϫ1 ϭ30 ps. The thermal conductivity of TeO 2 has been measured by Ewbank and Newman 16 down to 77 K. At this temperature, they found a conductivity of 0.09 W cm Ϫ1 K Ϫ1 , and from this they estimated a thermal phonon lifetime of around 4 ps. Thus, at this temperature it is certainly true that Ͻ1 and so the experiment should be analyzed in terms of a relaxation process. Unfortunately, we have been unable to find experimental data for the thermal conductivity at lower temperatures and so cannot make a reliable estimate of the thermal phonon lifetime. 
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